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Abstract. We define and solve Volterra equations driven by an irregular signal, by 
means of a variant of the rough path theory called algebraic integration. In the Young 
case, that is for a driving signal with Holder exponent 7 > 1/2, we obtain a global 
solution, and are able to handle the case of a singular Volterra coefficient. In case of 
a driving signal with Holder exponent 1/3 < 7 < 1/2, we get a local existence and 
uniqueness theorem. The results are easily applied to the fractional Brownian motion 
with Hurst coefficient H > 1/3. 



This article is the first of a series of two papers dealing with Volterra equations driven 
by rough paths. For an arbitrary positive constant T, this kind of equation can be written, 
in its general form, as: 



where x is a n-dimensional Holder continuous path with Holder exponent 7 > 0, a G M'' 
stands for an initial condition, and a : M+ x ]R+ x R"' — > M.'^''^ is a smooth enough function. 

Motivated by the previous works on Volterra equations driven by a Brownian motion 
or a semi-martingale [21 [3l [ISl El], often in an anticipative context [D, [H [5], [IH [HI [20] . 
we have taken up the program of defining and solving equation ([1]) in a pathwise way, 
allowing for instance a straightforward application to a fractional Brownian motion with 
Hurst parameter H > 1/3. This will be achieved thanks to a variation of the rough path 
theory due to Gubinelli [11], whose main features are recalled below at Section [2] (we refer 
to [HI [iHl [H] for further classical references on rough paths theory). To the best of our 
knowledge, this is the first occurrence of a paper dealing with Volterra systems driven by 
a fractional Brownian motion with H < 1/2. 

More specifically, the current article focuses on the 3 following cases: 

(i) The Young case: When x is a 7-Holder continuous path with 7 > 1/2 (in particular 
for a n-dimensional fBm with Hurst parameter H G (1/2,1)), and assuming that a : 
[0,T]^ X M'^ — > M*^'" is regular enough (with respect to its three variables), we shall prove 
that equation ([T|) can be interpreted and solved in the Young sense (Section [3l). 

(ii) The Young singular case: Under the same conditions as in the previous case for x, we 
are able to handle the case of a coefficient a admitting a singularity with respect to its first 
two variables t,u. Namely, if a can be expressed as a(t,u,z) = {t — u)~°'ip{z), for some 
a > and ip : M."^ ^ M"'''^ regular enough, then under some conditions on a, 7, n (roughly 
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1. Introduction 
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speaking, we ask that 7 — a > 1/2 and 1/2 < k < 7), it is still possible to interpret 
a{t, u, Uu) dxu as a Young integral when y belongs to a space of ^-Holder functions, 
denoted below by ([0, T], M'^). This extension of the Young integral requires however a 
careful analysis, which will be detailed at Section [H We can then solve equation ([T]) in 
the space CJ'([0, T], M^). 

(Hi) The rough case: When x is a 7-H61der signal with 7 G (1/3,1/2) (this applies 
obviously to a n-dimensional fBm with Hurst parameter H G (1/3,1/2)), the integral 
appearing in equation ^ has then to be interpreted in some rough path sense. As 
mentioned before, we shall resort in this case to the formalism introduced in [H], which 
allows us to prove the existence and uniqueness of a local solution, defined on a small 
interval [0,To] for some Tq G (0, T] (Section [5]). We will then point out the technical 
difficulties one must cope with when trying to extend this local solution. 

Here is a brief sketch of the strategy we have followed in order to obtain our results: 
the algebraic integration formalism relies heavily on the notion of increments, which are 
simply given, in case of a function y of one parameter t G [0,T], by {Sy)st = yt ~ Us- 
At a heuristic level, the main difference between classical differential equations driven by 
rough signals and our Volterra setting lies in the dependance of the increment {Sy)st of 
the possible solution on the whole past of the trajectory. Indeed, if y is a solution to 
equation ([I]), then one has 

{Sy)st = cr(^, yu) dXu + [o-(t, n, ?/„) - cr(s, u, y„)] dx^. (2) 

As one might expect, the first integral in ([2|) can be dealt with just as the classical 
diffusion case treated in [11]. In other words, under suitable regularity conditions on a, 
the variable t appearing in the integrand does not play a prominent role. The second 
term in the right hand side of ([21) is the one which is typical of the Volterra setting, and 
involves the whole past of x. It is still possible to retrieve some \t — s|-increments from 
this term thanks to the regularity of a with respect to its first variable, in order to solve 
our equation by a fixed point argument. However, as we shall see at Section 15.31 the 
term [o"(t, «,?/„) — a{s^u^y^] dxu will eventually induce some severe problems in the 
classical arguments allowing to get a global solution for our differential system in the rough 
case. This explains why we have decided to change radically the setting presented here 
in the companion paper [7]. In this latter reference, by means of what we call generalized 
convolutional increments, we show how to get a global solution to equation (P) in case of 
a rough driving noise x, for a wide class of coefficients a. It was however important for us 
to include also a direct treatment of Volterra systems by existing rough paths methods, 
mainly because (i) It allows to consider a more general driving coefficient a. (ii) The 
method presented here works perfectly well for the Young setting, and can be further 
extended in order to cover the case of a singular coefficient a. 

Here is how our paper is structured: we recall at Section [2] the notions of algebraic 
integration which will be needed later on. Section [3] is devoted to the study of equation ^ 
driven by a 7-H61der continuous process with 7 > 1/2, when the coefficient a is regular. 
Section [4] deals with the same kind of equation, with a singular coefficient a. Section [5] 
treats the case of a rough driving signal x, and finally the proof of some technical lemmas 
are postponed to the Appendix. 

Let us finish this introduction by fixing some notations which are used throughout the 
paper: we call Df the gradient of a function /, defined on M", and when we want to stress 
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the fact that we are differentiating / with respect to the j^^ variable, we denote this by 
Djf . As far as the regularity of a is concerned, the following spaces come into play. If 
E,F are Banach spaces and U an open set of E, denote C'^'''{U; F) the set of ra-times 
differentiable mappings from U to F with bounded derivatives. For each k G (0, 1), let us 
also introduce the subset 

C-'(f/; F) = |. e C-(f/; F) : sup IP'-'-^W - f "'-^fa)!! < ^ 

t x,y&u \\x - y\r 



2. Algebraic integration 

The current section is devoted to recall the main concepts of algebraic integration, which 
will be essential in order to define suitable notions of generalized integrals in our setting. 
Namely, we shall recall the definition of the spaces of increments of the operator 6, 
and its inverse called A (or sewing map according to the terminology of [8]). We will also 
recall some elementary but useful algebraic relations on the spaces of increments. 

2.1. Increments. As mentioned in the introduction, the extended integral we deal with 
is based on the notion of increment, together with an elementary operator 6 acting on 
them. The notion of increment can be introduced in the following way: for two arbitrary 
real numbers £2 > > 0, a vector space V, and an integer A; > 1, we denote by CkiV) 
the set of continuous functions g : [^1,^2]'^ V such that Qti- t^. = whenever ti = tj+i 
for some i < k — 1. Such a function will be called a {k — 1) -increment, and we will set 
C^:{V) = Uk>iCk(y). The operator 6 alluded to above can be seen as an operator acting 
on /c-increments, and is defined as follows on Ck{V): 

k+l 

1=1 

where means that this particular argument is omitted. Then a fundamental property 
of 6, which is easily verified, is that 66 = 0, where 66 is considered as an operator from 
Ck{V) to Ck+2{V). We will denote ZCk{V) = Ck{V) D Kev6 and 13Ck{V) = Ck{V) n lm6. 

Some simple examples of actions of 6, which will be the ones we will really use through- 
out the paper, are obtained by letting g E Ci and h e C2. Then, for any t,u,s G [^1,^2], 
we have 

{6g)st = gt- gs, and {6h)sut = - hsu - Kt- (4) 

Furthermore, it is readily checked that the complex (C*,5) is acyclic, i.e. ZCkiV) = 
BCk{V) for any k > 1. In particular, the following basic property, which we label for 
further use, holds true: 

Lemma 2.1. Let k > 1 and h G ZCk+iiV). Then there exists a (non unique) f G Ck{V) 
such that h = 6f . 

Observe that Lemma EH] implies that all the elements h G C2(y) such that 6h = can be 
written as h = 6f for some (non unique) / G CiiV). Thus we get a heuristic interpretation 
of 6\c2{v)' it measures how much a given 1-increment is far from being an exact increment 
of a function (i.e. a finite difference). 

Notice that our future discussions will mainly rely on /c-increments with /c < 2, for 
which we will use some analytical assumptions. Namely, we measure the size of these 
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increments by Holder norms defined in the following way: for / G C2{V) let 
sup and C^{V) = {/ G C2(l^); ||/||, < 00} . 



\t - sr 



In the same way, for h G C-siV), set 



|/i|L„ = sup ^hfj^:^ 

' "^'^ ■ u- s ^ t-uP ^ ' 



s,u,te[£i/2] 




^i|Li,u-pi) ^ 



Pi < , 



where the last infimum is taken over all sequences {hi G C^iV)} such that h = J2i 

for all choices of the numbers pi G (0, z). Then ||-||^ is easily seen to be a norm on C^^V), 

and we set 

C^{V) := {heC.iVy, \\h\\^<oo}. 

Eventually, let Cl'^{V) = Li^yiC^{V), and remark that the same kind of norms can be 
considered on the spaces ZCsiV), leading to the definition of some spaces ZC^iV) and 
ZCl'^iy). In order to avoid ambiguities, we shall denote by A/'[/; C^] the ^-Holder norm 
on the space Cj, for j = 1, 2, 3. For ( G CjiV), we also set Af[C] CjiV)] = sup^gj^^.^^jj llCllv- 

Recall that Lemma [2TT] states that for any h G ZC3, there exists a / G C2 such that 6f = 
h. Importantly enough for the construction of our generalized integrals, this increment 
/ is unique under some additional regularity conditions expressed in terms of the Holder 
spaces we have just introduced: 

Theorem 2.2 (The sewing map). Let /i > 1. For any h G ZC3 ([0, 1]; V^), there exists a 
unique Ah G C2 ([0, 1]; V^) such that 6 (Ah) = h. Furthermore, 

\\Ah\\,<c,Ar[h;Ci:{V)], (6) 

vjith = 2+2^- Xlfcli This gives rise to a linear continuous map A : ZC3 ([0, l]]V) — *• 
([0, 1]; V) such that 5A = Idzc^(^[o,i]-v)- 

Proof. The original proof of this result can be found in [11]. We refer to [Tj [12] for two 
simplified versions. 

□ 

At this point the connection of the structure we introduced with the problem of in- 
tegration of irregular functions can be still quite obscure to the non-initiated reader. 
However something interesting is already going on and the previous corollary has a very 
nice consequence which is the subject of the following property. 

Corollary 2.3 (Integration of small increments). For any 1-increment g G C2(y), such 
that 6g G set 6f = {Id-A5)g. Then 



n 



|n.,H0 

1=0 



where the limit is over any partition list = {^o = -s, . . . , t„ = t} of [s, t] whose mesh tends 
to zero. The 1-increment 6 f is the indefinite integral of the 1-increment g . 
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Proof. For any partition Ut = {s = to < ti < ... < t„ = t} of [s,t], write 

n n n 

i=0 1=0 1=0 

Observe now that for some /i > 1 such that 6g & C^, 

n n 

\\Y,KuA^9)\\v < Y.\\Auu,Amv < i^str' \t-s\, 

1=0 i=0 

and as a consequence, ^im.\Yist\->oYl'i=o ^uu+i{^9) = 0. □ 

2.2. Computations in C*. We gather in this section some elementary but useful alge- 
braic rules for increments. We refer again to [Zl [12] for the proof of these statements. 

For sake of simplicity, let us assume for the moment that = M (the multidimensional 
version of the below considerations can be found in [E]), and set Cfc(M) = Ck. Then the 
complex {C^:,6) is an (associative, non-commutative) graded algebra once endowed with 
the following product: for g E Cn and h E Cm let gh e C„+m the element defined by 

(fi'^)tl,...,Wn-lfi'tlvA^tn,...,im+n-15 tl , . . . , tm+n+1 ^ [^^2]- (7) 

In this context, we have the following useful properties. 

Proposition 2.4. The following differentiation rules hold true: 

(1) Let g,h be two elements ofCi. Then 

5{gh) = 5gh + g5h. (8) 

(2) Let g E Ci and h E C2. Then 

S{gh) = 6g h + g 6h, 5{hg) = 6h g — h6g. 

The iterated integrals of smooth functions on [^1,^2] are obviously particular cases of 
elements of C which will be of interest for us, and let us recall some basic rules for these 
objects: consider f,gE Cf^, where is the set of smooth functions from [^1,^2] to M. 
Then the integral / dg f , which will be denoted by J{dg f), can be considered as an 
element of C^. That is, for s,t G [^1,^2], we set 

ft 



Jstidgf) (^j dgf^ = dgufu- 



The multiple integrals can also be defined in the following way: given a smooth element 
h eC^ and s,t e [^1,^2], we set 

Jst{dgh) = i^j dgh^ = dguhus- 

In particular, the double integral Jst^df^df"^ f^) is defined, for G CJ", as 

Jst{dfdf^ h={^j dfdf f'^ = 1^ dfl X. {df . 

Now, suppose that the n*^ order iterated integral of df"" ■ ■ ■ df"^ f^, still denoted by J^{df"' 
■■■df^ /I), has been defined for /i, ...,/" G C^. Then, if Z'^+i G C^, we set 

Jstidf^+'df- ■ ■ ■ dff) f df:^' Jus {df^ ---df , (9) 

J s 
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which defines the iterated integrals of smooth functions recursively. Observe that a rath 
order integral J{df^- ■ -dpctf^) (instead of J{df^ ■ ■ -dpf^)) could be defined along the 
same lines. 

The following relations between multiple integrals and the operator 5 will also be useful 
in the remainder of the paper: 

Proposition 2.5. Let f,g be two elements of . Then, recalling the convention it 
holds that 

6f = J{df), 6 iJidgf)) = 0, 6 iJidgdf)) = {Sg){6f) = J{dg)J{df), 
and, in general, 

n-l 

6 [j{dr ■ ■ ■ df)) = Y,j[dr... df+') J {df ■ ■ ■ df) . 

i=l 

3. The Young case 

In this section, we assume that the driving process x of equation ([Tl) is a continuous 
process in C7([0, T]; M"), for some 7 G (1/2,1). If ^ G Cf ([0, T]; M'^'"), the formalism 
introduced in the previous section enables to give a meaning to the integral /_* Zu dxu 
when p + 7 > 1, in the Young sense. This is the issue of the following proposition, 
borrowed from [H], Proposition 3]: 

Proposition 3.1. If z E ([0, T]; M'^'") for some p > such that p + 7 > 1, we can 
define, for any s, t G [0,T], 

Jst{zdx) := Zs{6x)st - Asti^zSx). (10) 

Then J{zdx) G C^([0, T]; M'^) and 

U[J{z dx)-Cl{[Q, T]-X)] < c. {U\z- C0([0, T]; R'^'")] + Cf ([0, T]; M'^'")]} . (11) 

Remark 3.2. Thanks to Corollary l2.3l Jst{zdx) can also be seen as a Young integral, that 
is 

Jst{zdx) = hm'^ZtXSx)t^t^^^. (12) 

A 

Nevertheless, as we shall see in a moment, the exact expression (fTO]) of the integral is 
easier to deal with for computational purposes than the limit expression (fT2|) . owing to a 
better knowledge of the remainder A{6z6x). 

With this definition in mind, the Volterra equation ^ will now be interpreted in the 
Young sense, and is written as: 

yt = a + Jot{a{t,.,y,)dx). (13) 
The next lemma ensures that the latter integral is well-defined: 

Lemma 3.3. If y e Cj{[0,T]-R'^) and a G C^'\[0,Tf x R'^;M^'"), then, for any t > 0, 
a{t,.,y,) G C^'([0,T];M'^'") and 

Ar[a{t,.,y,y,Cl]<cAT'-' + f^[y;Cl]). (14) 
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Proof. This is obvious: recall that we denote by Da the gradient of a. Then, if < n < 
V <T we get: 

\\a{t,v,y^) - a{t,u,yu)\\ < \\Da\\^ {\v - u\ + X[y;Cl]\v - u\'^) . 
Hence Af[a{t, .,y.);Cl] < \\Da\\ooiT^~^ + Af[y;Cj]). 

□ 

We are now in position to prove the announced existence and uniqueness result for the 
Volterra equation in the Young case: 

Theorem 3.4. Assume that the driving process x is an element o/ C7([0, T]; M*^) with 
7 > 1/2. Let K G (0,1) such that k{1 + -f) > 1, a E R'^ , a e C^''''^{[0,T]^ x 
Then Equation [TB) admits a unique solution in C7([0, T]; M"^). 



pd. Tad,n\ 



This theorem can be obviously applied to the fractional Brownian motion, in the fol- 
lowing sense: 

Corollary 3.5. Let B be a n- dimensional fractional Brownian motion with Hurst param- 
eter H > 1/2, defined on a complete probability space P). Then almost surely, B 
fulfills the hypotheses of Theorem \3.4\ 

We divide the proof of Theorem 13.41 into two propositions: first, we will look for a 
local solution defined on some interval [0,To] with < Tq < T, and then we will settle a 
patching argument to extend it onto the whole interval [0,T]. 

Notations. Before going into the details of the proof, let us mention a few conventions 
that will be used in the sequel. We assume that we always work with a fixed (finite) 
horizon T to be distinguished from the intermediate times Ti,To,.... In particular, this 
means that the constants that will appear in the below calculations may depend on T 
without explicit note. 

For the sake of conciseness, let us denote = {u, yu) G [0, T] x and cr*(3^u) = cr(t, 3^^). 

The local existence and uniqueness result for our Volterra equation is contained in the 
following: 



Proposition 3.6. Under the hypothesis of Theorem \3.4[ there exists Tq G (0,T] such that 
Equation fTB) admits a unique solution in C7([0, Tq]; M'^). 

Proof. We are going to resort to a fixed point argument. To this end, let us associate to 
each y G C7([0,To]) the element z = T{y) defined by 

Zt = T{y)t = yo + Mcx\y.)dx). 

The solution we are looking for will then be constructed as a fixed point of T. 

Step 1: Lnvariance of a ball. Fix a time Ti G (0,T] (Ti will be chosen retrospectively). 
Let y G C7([0, Ti]) such that yo = a and set z = T{y), where, of course, the application F 
has been adapted to [0,Ti]. 

At this point, let us remind the reader of some specificity of the Volterra setting that 
we evoked in the introduction. As in ([2]), the increment {6z)ts can be decomposed as a 
sum of two terms that will receive a distinct treatment: /g\ = j7st(o"*(3^) dx) and /^^ = 
J7os([o'* — o''*](3^) dx). In order to estimate those two integrals, we shall of course resort to 
inequality f fTTl ). However, as far concerned, it is clear that the latter inequality 

will not be sufficient so as to retrieve \t — s|-increments (remember that we are looking 
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for an estimation of N[z;Cl], hence a relation of the form ||/^J < |t — f{y)). This is 
where the folfowing lemma, which also anticipates the contraction argument, will come 
into play. 

Lemma 3.7. Let I = [a,b] C [0,T] and y,y E C7(/;IR'^) such that Ua = Va- Then, under 
the hypothesis of Theorem \3.4\ for any s,t E I, 

Af[[a' - a^]{y)- cm] <c.\t- s\ {1 + J\f[y; C7(/)]} , (15) 

^^[a\y)-a\y)■,c^,{I)] < c^{i +^^[y;CJ{I)]+mcm]} ^f[y-y;CJm (le) 



<c,\t-s\{i+ Af[y; cmr + cunr} Af[y - m cm], in) 

Proof. See Appendix. □ 
Now, let us go into the details. To deal with J^, use ( fTTl) to get 

||/.\|| < c^t- {M[a\y)-Cl]+T^,M[a\y)-Cl]] 
< c,^^\t- {l + T2U[a\y)-Cl]] , 

and thus, thanks to Lemma [331 N'[I^; C^] < c,j. ,j {1 + T'^N[y; CI]}. 
Split P into P = J2'i + J2.2^ with 

l'/ = [a'-a^]iy,)i6x)os and = Ao.(5(K - a^J^)) fe). 

First, notice that < \\Da\\^ \t - s\Af[x;Cmi, which gives Af[P''^;C^] < c^,<,Ti. As 

for /^'^, use the contraction property ([6]) and the estimate (fTSj) to deduce 

Wl^fW < o,Af[[a'-a%yy,Cj]T^ 

< c.,. \t-s\{l+Af[y;Cj]}T^\ 
so that Ar[j2'2; CJ] < c,^^ Tl+'' (1 + ^[y; Cj]). 

Therefore, putting together our bounds on P and P, we have obtained AA[z; C^] < 
Cx,cT {1 + TiN[y] Cl]}. We can thus pick Ti G (0, T] such that for each < Tq < Ti, there 
exists a radius At^ for which the ball 

BtZ = {y^ c7([o,ro]) ■. y, = a, Ar[y;C7([o,ro])] < a^j 

is invariant by V. Notice that the radius Ajj, is an increasing function of Tq, a fact which 
will be used in the second step. 

Step 2: Contraction property. Fix a time Tq G (0,Ti] and let y,y E B^^°^. Set z = 
T{y), z = T{y) and decompose again 6{z — z) into S{z — z) = ,P'^ + J^'^ + J^, with 

Jli' = {cr\ys)-cr\y,)){6x)st , J'/ = Ast {s{a\y) - a\y)) 6x) , 

Jst = Ao. {siW' - a^]{y) - [a* - a^m) 5x) . 
Let us now estimate the 7-H61der norm of each of these three terms. 
Case of J^'^: We have A/"! J^'^ C^] < \\Da\\^^^[y - y■,C^]^^[x■,CJ]. However, since yo = 
yo = a, we have ys - ys = ys - ys - (yo - yo), ^f [y - m C^] < Mly - y; C^] T^, so that 

^f[J'''■,C^,]<a,,^^^[y-y■,CJ]Tl 
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Case of J^'^: Inequalities and (fT6l) yield: 

WJlfW < cAf[a\y)-a\yy,Cj]Af[x;Cj]\t-sf^ 

< |t - (1 + ^^[y■, c7] + m cJ])^^[y - y- c7]tj, 

which gives Ar[Ji'2; d] < c.,. (1 + M[y; CJ] + M[m C/]) M[y - m Cl]Tl 
Case of.P: By © and ((iTl), 

< cAr[[a*-a^](3^)-[a*-a1(3^);CnAr[x;C7]rj('+'^) 

< c.,. |t - sr To^+^Wb - CJ] {1 + Ar[y; CZ]'' + Af[y; , 

or in other words C]] < c,,,To'+^W[y - y; Cj] {1 + M[y; Cj]'' + M[y; Cj]''}. 

Therefore, Af[z — z; CJ] < Co-^^Tq Af[y — y; CJ] {1 + Atq}- Since the radius A^o decreases 
as To tends to 0, we can choose a sufficiently small time Tq G (0,Ti] such that the 

application F, restricted to the (stable) ball B^^°^, is a strict contraction. Hence the 
existence and uniqueness of a fixed point in this set. 

□ 

The next proposition summarizes our considerations in order to get the global existence 
and uniqueness for solution to equation (fT3l) : 

Proposition 3.8. Under the hypothesis of Theorem \3.4\ the local solution y^^^ defined by 
the previous proposition can be extended to a global and unique solution in C7([0, T]; R"'). 

Proof. In fact, we are going to show the existence of a small s > 0, which shall not 
depend on y^^\ such that y^^^ can be extended to a solution on [0, To + e]. The conclusion 
then follows by a simple iteration argument. 

To this end, let us introduce the application T defined for any z G CJ{[0,Tq + e]) such 
that 2|[o,To] = 2/^^^ as 



zt = T{z)t 



y? iftG[0,To] 

a + Ma\Z) dx) if t G [To, To + e] 



Just as in the previous proof, we are looking for a fixed point of V. 

Step 1: Invariance of a ball. In order to estimate M[z; C7([0, To + £:])], let us consider the 
three cases (s, t G [0, To]), (s, t G [To, Tq + e]) and (s < Tq < t < To + e). 

In the first case, we simply have A/'[z; C7([0, To])] < A/'[y*^^-'; C7([0, To])]. Consider the 
second case s, t G [To, To + e], and decompose {6z)st as above, that is {Sz)st = lll^ + llf + 
+ ^sf, with 

I'/ = a\Z,){6x)st , llf=AsMa\Z))6x), 

I'/ = [a' - a^]{Zo) {6x)os , = Ao.(5([a* - a^](Z)) 5x). 

Let us now bound each of these terms: first, owing to ([6]) and (fT4l) . llf can be estimated 
as follows: 

< cAf[a\zy,Cj{[0,To + e])]Af[x;Cj]\t-s\''' 



< c,,,{l+Af[z-Cj{[0,To + e])]}\t-s 



27 
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It is thus readily checked that M[I'^''^; Cj([To, Tq + e])] < c^,^ {1 + J\f[z- C7([0, Tq + e])]}. 
Thanks to ([6]) and ([H]), we also have the following bound for Igl : 

Wl'fW < cAr[[a*-a1(Z);C7([0,To + e])]Ar[x;C7]T2^ 
< c,,,, \t-s\{l+ U[z- C7([0, To + e])]] , 

which gives Ar[/2'2;C2^([To,To + £])] < c,,^ei-^{l +Ar[^;C7([0, To + £])]}. Since trivially 
ATfT'i; C2^([To, To + e])] < c,,, for z = 1, 2, we get 

U[z- C7([To, To + e])] < c.,, {l + 6'~W[z; C7([0, Tq + e])]} . 

Finally, let us treat the third case < s < To < t < Tq + e: write 

\\{6z)st\\ = \\{6z)sTo + {Sz)tJ\ 

< Ar[yW; C7([0, To])] |To - sr + Af[z; C7([To, To + e])] \t - 

< {Ar[y«; C7([0, To])] + ^^[z; C7([To, To + e])]} |t - . 

Putting together the three cases we have just studied, the following bound is obtained 
for z on the whole interval [0, To + £:])]: 

Ar[z;C7([0,To + e])]<<,{l+Ar[y«;C7([0,To])]+ei-W[z;C7([0,To + e])]}. 

Therefore, set 

£ = (24 J-i/(i-^) {e does not depend on y^^)) and Ni = 2c\^ {l + ATfy^^); C7([0, Tq])]} , 

so that if 7Vr[^;C7([0,To + e])] < A^i, then 7V[2; C7([0, To + e])] < ^ + ^ = A^^. In other 
words, we have found that the ball 

^.w,To,. = {^eCi([0'^o + e]): ^|[o,To] = Ar[z;C7([0,To + e])]<iVi} 

is invariant by F. 

Step 2: Contraction property. This second step consists in finding a small rj G (0, e] such 
that the previous application F (adapted to [0,To + 77]) satisfies a contraction property 
when restricted to some (invariant) ball. 

Let ^ B^^l^^^^^^ and set z^^) = F(z(^)), f^^) = r(z(2)). Of course, since z^^^ and 

i*^^^ share the same initial condition on [0,To], we have J\f[z^^^ — f^^^; C7([0, To + 77])] = 
^^2^^) _ z(2);C7([To,To + r/])]. Let then To < s < t < To + r/ and as in the proof of 
Proposition 13.61 use the decomposition S{z''^^ — z'''^^)st = Jlt" + Jlt^ + J'iti where 

4 = Ao.(5([a* - ^']{Z^'^) - - ^']{Z^'^)) Sx). 
We will bound again each of these terms separately: for J^'^, we have 

||J,y||<pa|Ulk?)-^f||Ar[x;C7] \t-sr. 

But 

- II = - ] - [4? - 4?] II < Ar[.« - .(^); C7([0,To + r^])] v\ 

and so 

Ar[ji'^ C2^([To, To + v])]< c.,. r/W[^(i) - z'^'^; CJ{[0, T, + 7;])]. (18) 
The term JIi^ can be estimated as follows: by ((61) and ffTBll . 

Il^lfll < cAr[a*(Z«)-a*(Z(2));C7([0,To + r/])]Ar[x;C7]|t-s|2^ 
< c.,. |t - 7/^ {1 + 2iV,} Ar[^a) _ c7([o, To + r/])]. 
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Finally, according to (|6]) and fjlTl) . we have: 

II4II < cU[[a' - - \a' - a1(Z(2));Cr([0,To + r]\)]U[x-Cl]T"<^^+''^ 

< c^,. \t - s\''l^'-'' {1 + 2Nn^^[z'''^ - ^('^ C7([0, To + v])]. 

As a result, putting together the bounds on J^f and Jf^, we end up with: 

Af[z^'^ - C7([0, To + r/])] < <,.r/i-^ {1 + iVf + N,} Af[zW - ^i^)- CJ{[0, Tq + v])]- 

We can now pick t] E {0,e] such that cl:^r]^~^ {1 + A^'f + Ni} < i, and the application 
r becomes a strict contraction on B^^l^ ^. It is easy to check (see Lemma \3M below) 
that -B^i) ^ is invariant by T too, hence the existence and uniqueness of a fixed point in 
this set, denoted by y^^^'^. 

Notice now that the arguments leading to uniqueness remain true on the (stable) ball 

{zeCJi[0,To + 2r]]): ^|[o,To+,] = Af[z; CJi[0, To + 27^])] < N,} . 



For instance, to establish the equivalent of relation (1181) on this extended interval, notice 
that if s G [To + r],To + 2r]], 

Ik?^ --f II = - [4V.-4WII < A^[^^^^ --^^^C7([0,To + 2r^])]r^-. 

This enables to extend ?/(^)'^ into a solution y^^)'^'' on [0, Tq + 2?]], and then y^^^'^^ on 
[0, To + 3?7], ... until [0, Tq + rj] is covered, as we wished. 

□ 

Lemma 3.9. With the notations of the previous proof, the sets 

{zeCJi[0,To + lv]) : Z|[o,To+a-i),] = X[z;CU[0,To + Iv])] < N^} 

are invariant by T. 
Proof. If z belongs to such a ball, set 



zt ift e [o,ro + /r/] 

zto+i^ if t e [To + /?7, To + 5] 



Clearly, z G B^fl^^p^^, so that, thanks to the first step of the previous proof, T{z) G 
B^fls . Now, since ?/(^)'('~^)^ is a solution on [0, To + (/ — 1)77], we have T{z)uq^j-o+U~'^)v] ~ 
^(i).('-i)'?^ which means that T{z) is an extension of T(z) and as a result 

^^[Tiz);CJ{[0,To + lv])]<^f[T{~z);CJ{[0,To + e])]<N,. 

□ 

4. The Young singular case 

This section is devoted to the study of a particular case of Equation ([T]), when the 
coefficient a admits a singularity in (t, u) on the diagonal. Namely, we shall consider an 
equation of the form 

yt = a + I {t- uY^'ipijju) dxu, (19) 



12 



AURELIEN DEYA AND SAMY TINDEL 



with ip ■.M'^ ^ M'''" a sufficiently regular mapping and x G C7([0, T]; M"), for some 7 and 
a to be precised. Thus, the application a appearing in ([T]) tends here to explode when 
approaching the diagonal 

DxR^ = {{t,t,y), te[0,T],yeR''}. 

This singularity prevents us from directly applying the algebraic formalism introduced at 
section[2]in order to define the integral J^{t — u)~"'ip{yu) dxu above. However, as in Section 
m we shall see that this latter integral can still be defined thanks to a slight extension 
of Young's interpretation, insofar as the integral will simply be seen as the limit of the 
associated Riemann sums. In other words, we will be able to set 

f{t-u)-^^{yu)dxu=\ira V (20) 

Afe([s,t)) 

where Afc([s, t)) = {s = < ti < . . . < < t] in any sequence of partitions whose meshes 
tend to 0, and where tk — > t. In this context. Theorem 14.61 is quite close to Theorem 13.41 



Remark 4.1. The tedious calculations to come will give us an idea of how the A-formalism 
used in the previous sections makes the writing more fluent (when it can be applied), by 
avoiding the often cumbersome study of Riemann sums. 

4.1. Young singular integrals. This section deals with a rigorous definition of integrals 
like (l20l) . A first technical lemma in this direction is then the following: 

Lemma 4.2. Let a < b, f E Ci'''([a, 6]; M), ^ G C^^ ([a, 6]; M"^'"), /i G C^^{[a,b];W) with 
Ai + A2 > 1. Then 

h pb ph 

d{fg)uhu= / dfuguhu+ / dgufuK, 



the three integrals being understood in the Young sense. 

Proof. Consider a partition A = {a = to < ■ ■ ■ < = with mesh |A|, and use the 
decomposition 

J^5(/^)iA+i/it, = f\t,^,gtM^ + ^{5g)t,u^J\^ht^ + Y^{5f)t,t^^^{5g)uu^^ht^. 

i i i i 

Notice then that 

\\J2(^fku^ASg)uuM\ < mf;C''''m9;Ci'] |a|^W[/.;C°] \b-a\, 

i 

which tends to as | A| — 0. The proof is thus easily finished. 

□ 

Lemma 4.3. 1/7 > a and ip G C^'''{W^; M*^'"), then for any k such that (7 — a) + k > 1 
and any y G ([0, T]; M"^), the integral 1st ■= jl{t — u)~"'ip{yu) dXu exists in the Young 
sense. More specifically, for any < s < t < T and < e < t - s, set lit := £ '{t - 
u)~°'ip{yu) dxu, defined in the Young sense of Proposition fXIl Then I^^ converges to a 
quantity, which is denoted again by J^{t — u)"°'tp{yu) dXu. 
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Proof. Let e > 0. If u,v & [s,t — e] 

II i^ivv) i^ivu) 



{t-vY {t-uY^ 



< 



< 



1 1 




1 


{t - vY {t - uY 


+ 


{t - uY 



a 



\V — U 



V — u\ 



hence u ^— ^^^^^ G C^{[s,t — e]) and since K + 7 > 1, the integral /f^ is well-defined in the 
Young sense of Proposition I3.1[ We will now study the convergence of Jf^ when e — > 0. 

It is easily checked from relation (fTOl) that one is allowed to perform a integration by 
parts in J|j, in order to deduce 



^st 



t~e 



{t - u) °'i){yu) dxu 



iXt-e - Xt) + 



t-£ 



{t-u) '^i){yu)d{xu- xt) 



it 



[Xt - Xs 



d 



{t - uY 



{Xt - Xu) 



tS,1 j£,2 



t£,3 

'st • 



Let us analyze now the three terms we have obtained: since 



-{xt- 



Xt, 



< 



it is readily checked that II]^ — ^> as £ 0. In order to treat the term II^ observe that, 
according to Lemma [4.21 we have 



t£,3 

'st 



t-e 



d 



d{,^{,yu)) 

Notice then that 



[t-u] 

Xt X'li 



{Xt — Xu) 



{t - uY 



a 



t-e 



du 



(t-u) 



a+l 



{Xt ~ Xu) 



< 



{t - 

M[x;Cj 



i^(,yu){xt - Xu) := Isf'^ + 1. 



e,3,l I ,-c,3,2 
st ■ 



(21) 



1 



\t — u 



1— (7— a) ' 



and thus u 



^uY'+i (xt — Xu) is (Lebesgue-)integrable in t. This trivially yields the 



{t-u) 



convergence of I^f'"^ as e ^ 0. As for the first term I^f'^ in (l2Ti ). we know that u 
ipiVu) & Ci. In order to study the convergence of Igf''^, it only remains to prove that 



the application ip : [s,t) 



u 



(Xt—Xu) 

{t-u)° 



continuously extended by in t, belongs to 



([s, t]), for some p > satisfying p + k > 1. 
However, if < u < v < t, 

< \\xt-xj Ut-v)-'^- + \it-uy 



l-{y-a) 

< ^[x;Cj]\t-v\Uj^-^^ 

< cAf[x; CJ] \v - u\^-" + Af[x; CJ] \v 



\v — u\ 



Xt Xy 

7 — Q 



a- 



u 



t-v 

17— a 



a+l 



(Xt Xu 
1 



\v — u\ 



'Af[x;Cj] \v-u\ 
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while if u < V = t, as (ft = 0, 

Thus, (p G C7~"([0,t]), which achieves the proof since, by hypothesis, (7 — a) + k > 1. □ 

It is also important to control the Holder continuity of the singular Young integral 
defined above. Before we turn to this task, let us quote an elementary estimate for 
further use: 

Lemma 4.4. Let < s < t < T . For any /3 G [0, 1], there exists a constant Cp such that 
for any u E (0, s), 

(s-m)""| < cp\s-u\-"-^\t-sf . (22) 
Then our regularity result is the following: 

Proposition 4.5. Under the same assumptions as in Lemma \4.3[ set Zt = lot for all 

t G [0, T]. Then, for any Tq < T , the path z is an element o/C^([0, Tq]), and the following 
estimate holds true: 

M[z; Cr([0, To])] < c^,.Tj-"-'' {1 + M[y, C^,{% To])]} . 

Proof. We rely on the decomposition {5z)st = ht + Iht, with 

1st = {t - uy''4j{y^)dxu and Ilst = j^ [(t - n)^" - (s - n)"°] V'ly^) (23) 

Notice that the term I is exactly the one introduced at Lemma [431 Let us now bound 
each of these terms. 

Case of I: It is easily seen that / can also be obtained thanks to the following approxi- 
mation sequence: for > 1, set 

Jn=^{t- 4)""^(y.0(^^).?„.?+i' ^here < = s + ^J' . 

i=0 

Then Igt is obtained as lim^^oo Jn- Moreover, it is readily checked that 

2"-l 



€ |_ 71 + 1 n + l J n + 1 ' n + l 



i=Q 



2"-l 



1=0 



But 



A + B. (24) 



(2'" , 

^ ' 1=0 
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and a telescopic sum kind of argument shows that 

2"-l 



(25) 



2"-l 



1=0 



< (t-s)-" 1 



Hence 



2i + l 

2^+1 _i 
2''+i 



2i 



2n+l ^ 

< (t- s)-°(2"+^)". 



n+l 



(26) 



As for B, the following bound holds true: 



i=0 



Af[x; CI 



^At-s\ 



(2"+i)7' 



with 

2"-l 



2"-l 



i=0 



j=0 



2i 



2n+l 



du 



and accordingly 



\\B\\ < c^,.N-[y;C^]\t-s 



K+"f—a 



2^+7- 



n+1 



(27) 



n+l 



Going back to ( 1241 ) and putting together our estimates for A and 5, we get 

\\Jn+i - JnW < To^-"-'^ \t - sr {1 + Ar[y;Cr]} 

where u„ is the general term of a converging series. Now, write Jn = Jo+J2n=o i-^ri+i — Jn) 
so that, by letting n tend to infinity, we obtain 



{t-u) °'ij{yu)dxu 



<\\J,\\+TJ—'^\t-sr{l+^^[y;C^]}. 



It only remains to notice that 

ll^oll = II 
to conclude 



oil = ||(t - .)-Xy.)(fe),,|| < \m^Af[x;Cj] \t - < c^,,,. \t - sr To^-"-'^ (28) 



\\Ist\\<T^-"-''\t-sr{l+Af[y;Cm. 
Case of II: We use the same strategy as for /, with this time = || and 



2"-l 



Jn=Yl /^.t(*n,)V'(l/sj,)(5a;),j^ ,j+i, where fs,t{u) = [{t 



u 



[s - u 



i=0 
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Then 



2"-l 



f n+1 n+1 J n+l ' n+1 

1=0 
2"-l 

2"-l 

f ^ \^ n + 1 n + i J 71+1 



j=0 



2i+l „2i+2 
n + 1 



1=0 



:= D^E. (29) 
To deal with -D, notice that u ^ js.tiu) is a decreasing function on [0, s], and hence 

2n+l _ Y 



2"-l 



fsA^n+l)\ ^ X/ |/.5,t('^n+l) ~ /s,t('5n+l)| - 



2n+l 



• (30) 



i=0 i=0 

Furthermore, according to our elementary bound (j22|) applied with (3 = k, we have 
\fs,t {^^s) I < |t - {2-+^r+\ so that 

\\D\\ < c||V'||ooAr[a;;C7]s^-"-^|t-sr 



27— o— K 

71+1 



(31) 



As far as E is concerned, use (l22l) with /? = 7 — a to deduce 



Pll < c||^'||ooAr[y;Cr]Ar[x;C7].'^|t-s 



7— a 



2^+7 



n+1 2"-l 



Eh 



1=0 



2i 



7— a 



1 rfa; 



2K+7-1 J (1 _ x)^ 

n+1 



hence 



lli^ll <c^,.Ar[y;CiTC~"|t-.r 



(32) 



n+1 



2^+7-1 

Just as for J, gathering our bounds on D and E, we can then assert that 

[it - m)-" -{s- m)-"] ij{yu) dXuW < II Joll + c^,xTr''"^ \t - {1 + A^b; Cf]} . 



Since |t " — s °| < cs ° ''It — s|"^, the term Jq above can be estimated as: 



[t-" _ s-^] {5x)os\\ < M[x- C7]s^-°-'' \t - sr 



(33) 



so that 



|//st|| = II / [{t - m)-" - (s - m)-°] ^(|/„) rfx„|| < c^,.To^-"-" |t - {1 + Ar[y; C^]} . 
'0 
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Finally, going back to decomposition (l23l) . our bounds on / and // yield 
which was the announced result. 



□ 



4.2. Solving Volterra equations. Thanks to the considerations of the last section, we 
can now interpret equation ( JTOl) . and especially its integral term, in the sense given by 
Lemma 14.31 and Proposition 14.51 We are now in position to state the main result of this 
section: 

Theorem 4.6. Assume that x G C7([0, T]; M") for some 7 G (1/2, 1), let ip he a function 
in Ci'''(M'^;M'^'"), and a G (0, 1/2) such that 7 - a > 1/2. Then, for any k G (1 - (7 - 
a); 7 — a), equation ( fT^j admits a unique solution in C^([0, T]; M*^). 

Fix K G (1 — (7 — a), 7 — a). As in Section [3l we shall solve our equation by identifying 
its solution with the fixed point of the map F defined, for any y G ([0, T]; M'^), by 

Zt = T{y)t = a+ [ {t - uy^'^ivu) dxu. (34) 
Jo 

We divide again our proof into two propositions, dealing respectively with local and global 
existence and uniqueness for the solution. 

Proposition 4.7 (Local existence). Under the hypothesis of Theorem \4.6[ there exists 
Tq G (0, T] such that Equation ^E) admits a unique solution y^^^ in CJ'([0, Tq]; M*^). 

Proof. Fix a time Tq G (0, T] and let y G C'^([0,To]). Define then z = T{y) as in equa- 
tion (El. 



Step 1: Invariance of a ball. A simple application of Proposition 14.51 allows to conclude 
the existence of a stable ball 

Ba,To = {ye C%[0,To]), yo = a, ^^[y;C^] < At^} 

for any Tq small enough and At^ large enough. 

Step 2: Contraction property. Let y,y E Ba,To, and set z = T{y), z = T{y). Thus, 
6{z - z)st = 1 1 1st + IVst, with 

Illst = j^{t-u)-''[^iyu)-^{yu)]dxu (35) 

IVst = [ [{t-ur''-is-u)-''][iPiyu)-^iyu)]dx^. 
Jo 

We will now estimate these two terms, according to the same strategy as for Proposi- 
tion [4]5l i.e. invoking approximations by dyadic partitions. 

Case of III: Denote 

'(t- ) ^"^^ 

si, = s + '-^^, j^ = Y,it-s'j-''[^iysO-mo]i^^)s,,si.+^- 

i=0 
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Then 

Jn+1 Jn 
2"-l 



E 

i=0 



t - s 



n+1 



-it- [^(Vsi^ti) - ^ivsi^^i)] } 



2i+l 2i+2 



2"-l 



i=0 

F + G. 



2i \~a 
'n+1/ 



(36) 



For F, we have, since — y)o = 0, 



2"-l 



'i=0 



which, thanks to (i25D . gives 

||F|| < c^,.Ar[y-y;Cr]|t-.r— '^It-.r^^y^Vo^ (37) 
As far as G is concerned, use (fT6l) to assert that 



< {1 + Af[y; + Ar[y; C^]} Ar[y - y; d 



Besides, 



2n+l 



i=0 



du 



27+ 



K-1 



n+1 



(t-s^Jo (1-n)" 
so that 

||G|| < c^,,Af[y - y; {1 + 2AtA \t - 
Now, relations (137]) and (j38l) entail 



|t - s 



7"/t 



(38) 



5^11 J«+i -Jn\\< II Joll + c^,.To''-" {1 + 2AT,}Af[y - y; C^] \t - s\\ 



i=0 



Furthermore, we have 

ll^oll = \\{t-s)-'^mys)-i'{ys)]{5x)st\\ 

< It- \t - ^r-"-'^ Ar[x; CJ] \\D^oo^f[y - y; C^s' 

< c^,,Tj-''-''\t-srAr[y-y;C^] 

which finally yields 

||///.i|| < c^,.Tj~'^~'' {1 + 2AT,,}^f[y - y; C^] \t - . 

Case of IV : In this case, the approximating sequence is defined by: 



(39) 



IS 



2"-l 



i=Q 
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Hence, the difference J„+i — J„ can be decomposed into: 

Jn+l Jn 
2"-l 



,2i+2 
1+1 



2"-l 



2i+l „2i+2 
n + 1 



i=0 

:= H + K. (40) 

In order to bound tliese two terms, let us introduce first some A G (k, 7 — a). From ( l30l) . 
and invoking ( l22l) with /5 = A, we obtain 



i=0 ^ 



while ||^(2/,2,;+i) - ^^J{y^2^+l)\\ < \\^lj'\\ooAf[y - m Cf] s^ and so 

n + 1 71 + 1 

To estimate H-ft'll, remember that 

which, together with (i22l ) applied with = 7 — a, gives 



(41) 



(2' 



n+1 2"-l 



2n+l 



ii^ii < c^,.it-.r-"{i+2A^jAr[y-y;cr]s^(^^j 
< c^,.it-snt-sr-"-'^{i+2ATo} 



1i 



1 t/M 



2K+7-iy (1-m)'^ 

n+1 



(42) 



As a result, combining the estimates for H and K along the same lines as for the term 
III St-, we end up with: 

II/KJ < ll^oll + c^,. {1 + 'lAr,;)M\y - y; C^] |t - T^^'' ■ 

But Jo = [t~" - s-"] [V'(yo) - V'(yo)] (5a:)o. = 0, so that finally 

||/Kt|| < c^,.To^'" {1 + 2A^J A^ly - y; C^] |t - s\' . 

We have thus proved that 

M\z - ~z- Cl\ < c.^,X~"~^ {1 + 2Ato} Ar[y - y- C^]. 
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The contraction property then clearly holds when T is restricted to a stable ball l3a,To , for 
To small enough. This easily yields the existence and uniqueness of a solution to (fTOl ) on 
[0,To]. 

□ 

The following proposition summarizes the extension of the unique solution to (fT9l ) to 
an arbitrary interval. 

Proposition 4.8 (Global existence). Under the same hypothesis as for Theorem \4.6l the 
local solution y^^' G Cf([0,To]) can be extended in a unique way into a global solution in 
Cf([0,T]). 

Proof. We resort to the same scheme as in Proposition 13.81 in which we try to exploit the 
estimations of the previous proof. 

Step 1: Invariance of a ball. Let e > and y G ^([OjTo + e]) such that y\io,To] = y^^^ ■ Set 



yf^ ifte[o,To] 

+ Pni^ ~ u)~"i'iyu) dxu ate [To, To + e] 



Let s, t G [To, To + e] and consider the decomposition (1231 ) of {Sz)st- For J, use ( l24l) . 
together with the estimations (l26l) . (l27ll and (l28ll . to deduce 

-t 

(t - dxuW < 1^ - {1 + s^'-''Af[y; Cf]} . 



As for //, use ([291), together with (I32|) and (|33|) to assert 

[{t - n)-" -{s- n)-"] ij{y^) dx^ < c^,, \t - {l + e^-'^-^Afiy- C^]} . 
As a result, 

Af[z; C^{[To, To + £])]< c^,, {l + e^~''^^Af[y; C^]} . 

By copying the arguments of the proof of Proposition 13.81 we then deduce the existence 
of a small e, independent of y^^\ and a radius A''!, such that the ball 

^,a),To,.:={yeCr([0,To + £]): y^^.^^o] = y^'\ ^^[y;C^] < N,} 

is invariant by F. 

Step 2: Contraction property. Let r] < e , and consider y,y E C'^{[0,Tq + rj]) such that 
y\[o,T,] = mn] = y^'\ ^[y\ Cf] < A^i and M[m C^] <N^.^eiz = T{y), ~z = T{y). 

Let s,t G [To, To + rj\ and consider the decomposition (l35ll of 5{z — z)st. For ///, use 
(1361). together with ([37]), ([38]) and (El), to obtain 

WlllstW < c^,xr/^-"-" \t - {1 + 2Ni}Ar[y - y; C^]. 

As far as IV is concerned, the decomposition ([40l) . together with ([4TI) . (|42|) and the fact 
that ?/^(2/o) = ^{m), provides 

WiVstW < cv,,.r/^-'^ \t - si" {1 + 2Ni}Ar[y - y; C^]. 

Therefore, 

Af[z - z- Cr([To, To + r/])] < c^,,r/^-« {1 + 2N^}N[y - C^]. 
The end of the proof follows then exactly the same lines as the proof of Proposition [3l 



□ 
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5. The rough case 

In this section, we go back to equation ([I]), with a smooth and bounded coefficient a. 
However, we will only assume that x belongs to C7([0, T]; M") for some 7 G (1/3,1/2), 
which means in particular that we can no longer resort to Young's interpretation for 
Jq a{t,u,yu) dxu and some rough path type considerations must come into the picture. 
We will thus briefly review the setting used in this context, and then prove a local existence 
and uniqueness result for our equation. 

5.1. Controlled processes. For sake of conciseness, we only recall here the key ingredi- 
ents of the formalism introduced in [TT] in order to handle integrals driven by an irregular 
signal X. First, as usual in the rough path theory, we will have to assume a priori the 
following hypothesis: 

Hypothesis 1. The path x admits a Levy area, that is a process x 
such that 

6x^ = 6x(S) 6x, i.e. {6x'^)sut{i,j) = {Sx')su ® {Sx^)ut, 
for all s,u,t E [0, T] and i,j G {1, ■ ■ ■ ,n}. 

As explained in [11], we are then incited to introduce a particular subspace of the space 
of Holder continuous functions C'J{[0,T];M}'''), which are the convenient processes to be 
integrated with respect to x: 

Definition 5.1. Let k e W and t] > 'y. A process y G Cj{[0,T];R^^'') is said to be 
{-i,r]) -controlled by x if there exists y' G Cr^([0, T]; £(M", M^''^)), r^^ G C2^([0, T]; M^'*^) 
such that 

{Sy)st = y's{5x)st + rl, for any s, t G [0, T]. (43) 

Remark 5.2. The decomposition ( l43l) is not necessarily unique. However, if we fix y,y', 
then, of course, the remainder is uniquely determined. For this reason, we shall denote 
Q^''?([0,T];Mi''=) the space of couples {y,y') G C7([0, ; M^''^) x Cr^([0, T]; £(M", Ri-'^)) such 
that the decomposition ( 1431) holds. This space is endowed with the natural semi-norm 

^[y; Q^'\[0, T]-X'')]=Ar[{y, y') ; Q^'^ ( [0, T] ; M^'^)] 

:= Af[y; C7([0, T]-X'')] + ^f[y'■, C?([0, T]; £(M", R''')] + Af[y'; Cr\[0, T]; £(M", R''")] 

+^[ry;cmnX'% 

Observe that if {y,y') G Q^''?([0, T]; M^'^^), then 

Af[y; C7([0, T];R''')] < { \\y',\\ + T^-^Af[y; Q^'^([0, T]; Ri''^)] } . (44) 

Finally, let us denote Q^([0, T]; R^''^) = Q^'2t([0, T]; M^'^')- 

With our main equation ( fT3l ) in mind, it is important for us to get a stability property for 
controlled processes, when composed with the map a. This is the object of the following 
proposition (for which we recall the notation on gradient of functions given at the end of 
the introduction). 

Proposition 5.3. Let {y,y') G QP'{[0,T];R^ '''■), with decomposition 6y = y'{6x) +r^, and 
consider a G C^^^il^.Tf x Ri'*^; M'^-"). For i = I, ■ ■ ■ ,d, denote by ai{z) the i^^ line of 
<j{z) when considered as a matrix. Then, for any t > 0, {ai{t^ ..,y), D^ai{t, .,y) o y') G 
Q'^([0,r];Ri'") and 

M[a,{t,.,y)- Q^([0,T];Ri'")] < c„ {l + M[y; Q?{%T\X^')f] , (45) 
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where Co- does not depend on t. 

Proof. See Appendix. □ 

Let us now turn to the integration of weakly controlled paths, which is summarized 
in the following proposition, borrowed from [TT]. This result requires a little additional 
notation: if ^ G /:(M", M^'") and A e M"'", we denote ip ■ A = Y^lj^i {fCi, e*) Aij. 

Proposition 5.4. Let x he a signal satisfying Hypothesis d and let also (z, z') he an 
element of Q'''([0, T]; M^'") with decomposition 6z = z'{6x) + r^. One can define A G 
C7([0, T]; M) by Ao = aeR and 

{6A)st = Zs{Sx)st + z'^ ■ xl + Astir^Sx + 6z' ■ x^), 

and set J{zdx) = J{{z,z')dx) = 6A. Then J{zdx) coincides with the usual Rieman 
integral of z with respect to x in case of smooth functions. Moreover, it holds 

J{zdx) = ^hm^^J2\^zt^{5x)t,u^, + ■ x^i^^J , 

i 

for any < s < t < T , where the limit is taken over all the partitions Hgt = {■§ = to < 
ti < . . . < tn = t} of [s, t], as the mesh of the partition goes to zero. 

It only remains to enunciate the multidimensional version of the previous proposition: 

Definition 5.5. Assume that z G C7([0, T]; M'^'") is such that for each Zi (i*'' line of z), 
there exists z[ G Cl{\Q,T]; CiW .M}^"")) for which {z^, z[) G Qt([0, T]; M^'"). Then we define 
J{zdx) = J{{z,z') dx) G C7([0, T]; M^'*^) hy the natural relations 

J{zdx)^^ = J{{zi,z[)dx), i = l,...,d. 

5.2. Rough Volterra equations. Let us say a few words about the strategy to be used 
in order to solve equation ( fT3l) in case of a rough driving signal. First, this Volterra 
system will be interpreted according to Propositions 15.31 and 15.41 when {y, y') belongs to 
Q^([0, T]; Ri-'^) and a G C2'''([0, Tf x M^''^; M'^'"). Moreover, in order to settle a fixed point 
argument, we shall see that the process z defined by = and 

{5z)st = JsMt, .,y) dx) + Jqs{[<j' - (y%y) dx) 

is a controlled process (recall that y stands for the multidimensional function s i— > (s, ys))- 
Indeed, if we assume that the path Wi = cr*(3^) can be decomposed as 

Sw, = 6al{y) = al{y)\6x) + r<^y\ 

which can be done owing to Proposition 15.31 and if we set dz'^'^'^ = J{wi dx), then one can 
write (Sz)^^] = ai{s, s, ys){Sx)st + (rtt)^'^ for i = 1, . . . ,d, with 

(r:j« = s, ys) - a.{s, s, ys)] {6x)st + aHy)', ■ xl + A,,(r'^'(^)5x + 5(a*(3^)0 ■ x') 

+ Jos{Ht,.,y,)-ais,.,y.)] dx)^'\ 

If we manage to show that cr(., ., y,)* : x i— > (cri(., ., y.){x), . . . , {<Jd{., ., y.){x)) belongs to 
C7([0,T];£(M",Mi''^)) and G C2^([0, T]; M^''^) (which will be done in the course of the 
following proof), then {z,a{., .,y,)*) G {[0,T];M}''^) and the application T introduced 
in the Young setting becomes here 

r : Q^([0,T];M^''^) ^ Q\[0,T]-X''), {y,y') ^ {z,a{., .,y.)*). (46) 
With this notation, a solution of (fT3l ) corresponds to a fixed point of T. 

We have now all the tools in hand to express the announced (local) result properly: 



ROUGH VOLTERRA EQUATIONS 



23 



Theorem 5.6. Let k G (0, 1) such that 7(k + 2) > 1, a e C'^''''''{[0,T]^ x M'^; M"^'") and 
a G M^'"^. Then there exists Tq G (0, T] such that the equation 

yt = a + Jot{cr{t, .,y) dx), 

interpreted in the sense of Definition 1 5. 51 admits a unique solution in Q'^{[0,Tq];M.^''^) . 

As in the Young case, the result will stem from a contraction argument (Proposition 
I5.9p on some invariant ball (Proposition 15.81) . Before we turn to detail these arguments, 
let us state an equivalent of Lemma I3.7t 

Lemma 5.7. Let {y,y'), {y,y') G {[0,T];M}''^) such that yo = yo and y^ = y'^. Then, 
under the hypothesis of Theorem \5.6\, for any s, t G [0,T], 

A/'lk* - Q^([0,T];Mi'")] <c^\t- s\ {l+^^[y■, Q^([0,T];Mi''^)]2} , (47) 

the path o-\y) — cr*(3^) satisfies 

A/'K*W - QH[0,T]-X'')] (48) 

< c^{l+^^[y; Q'^i[0,T]■X''')f+^^[y■, Q\[0,T]■X^'')Y}^^[y-y; Q-ri^TlX'")], 

and 

^[w- - ^tm - - ^mn Q^'-'^^^^m n r''')] <c^\t- s\ (49) 

X {1 + Af[y; Q^([0, T]; + Af[y; Q^([0, T]; ^1''^)]!+''} Af[y - y; Q^([0, T]; M^'^^)]. 

Proof. See Appendix. 

□ 

We can now state the result concerning the invariance of a ball for the map F: 

Proposition 5.8 (Invariance of a ball). Under the hypothesis of Theorem \5.6[ there exists 
To G (0, T] such that for each Ti G {0,Tq], the ball 

B^^^ ={iy,y')eQ^[0,T,]): y, = a, = a(0, 0, a)*, M[{y,y');Q\[Q,T,])]<AT,} 
is invariant by T (defined by [J^) for some large enough radius At^. 

Proof. Fix a time Tq < T and let {y,y') G B^^° with decomposition 6y = y'6x + r^. Set 
{z, z') = F(y, y'). Then 6z = z'6x + r^, where can be further decomposed into: 



with 



r 



rf^'^ = A4r^'^^^Sx + Sialiyr)-x')., 



and 



^2,2,l,(j) 



" •'^Os 



2,2,2,(i) _ 



Ar 



6x + 5i[ai-at] {y)') 



x^ 
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Let US check that this decomposition actually identifies z as an element of , that is 
z' G CI and G . For z\ pick < s < t < Ti and observe that 

< \a{t,t,ytY - cr(s,t,?/i)*|| + ||cr(s,t,?/t)* - s, ?/^)*|| 

< ||Z}a|U|t-s| + ^||5K(3^)),J. 

i=\ 

But, according to ([44l) . 

\\K<ym)st\\ < c. |t - {p3a.(s, 3^0) o y^ll + roWK(3^); 21} 

which, together with ([45]), leads to Ar[z'; C^] < c^,^ {1 + TqWIi/; Q^]^}. 

Let us now estimate the 27-H61der norm of the remaining terms. 
Case ofr'^^: Clearly, AA[r^'°; < \\Da\\^Af[x;Cj]T^-^ < c,,^. 
Case ofr^'^'^: Since ||o"-(3^)q|| = || Z^sCTj (t, 3^o) ° VoW < c^-, one has, owing to (l45ll . 

< c.,,|t-s|'^{l + ToW[a*(3^);Q1} < c.,. |t - {l + TqW^; Q^^} . 
Case ofr^'^'^: It is readily checked, invoking ([6]) and ( !45i ). that 

||r,f '^-W II < c It - .1=^^ {ArK^(^); Cr]Ar[a:; C^] + ^[{aHy))'; C^Mx'; C^] 

< c,\t-s\'"'M[a,{t,yy,Q"'] < c,,^\t-s\'''T^{l+^[y;Q"']'}. 
Case ofr^'"^'^: The following elementary estimates hold true. 

ii-^'^'^'^ll < pa.lU \t - s\ T^Af[x;Cj] + p3a.(t,3^o) - D,a,{s,yo)\\\\y'om^';C?]T^' 
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Case ofr^''^''^: Owing to ([6]) and ([47|) . we have 



r 



z,2,2,(i)| 



St 



< c^T^''^^[[al-aniy);Q'] < c^,^T^''\t-s\{l+^^[y;Q'^r}. 
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Finally, gathering all our estimates for the terms in (l50ll . it is easily seen that Af[r^; C 
< c^^cc {1 + T^^f[y; Q^]^}. Hence we have obtained that G and {z, z') G Q? . 

Notice that the above estimations also easily lead to AAf-z; Q?] < c^^a {1 + TQAf[y; Q^]^}. 
Choose now for Tq the greatest time r G (0, T] such that the equation c^r^a; {1 + t^A} = A 
admits a unique solution A^-. Then Tq satisfies the property announced in our proposition. 

□ 

We can now prove the contraction property allowing to establish the existence and 
uniqueness of a local solution to equation ( JT3l ). 

Proposition 5.9 (Contraction property). Under the hypothesis of Theorem 15. g). there 
exists Ti G (0, Tq] such that for each T2 < Ti, the application V is a strict contraction on 

the (stable) ball Bj,^^ . 
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Proof. Let {y, y'), {y, y') two elements of B^^^ , and set (z, z') = T{y, y'), (z, z') = T{y, y'). 
Thus, 5{z — z) = {z' — z')5x + (r^ — r^), where z' = a{., ., y.)*, 5' = cr(., ., y.)*, and is 
given by ( !50l ). with a similar expression for r^. Let us now estimate each term of 

Af[z - ~z- Q?] = Aflz' - ~z'- C?] + N[z' - ~z'- CI] + - r'; Cl^\ + M\z - ~z- CI]. 

CaseofM[z'-~z'-Cl]: IfsG [0,Ti], \\z'^-z'^\\ = \\a{s, s,y,)* - a{s, s,ys)*\\ < \\Da\U\ys- 
ysl But yo = m, so that < T,W[y-y;C7] andAf[z' -z';Cf] < c,T^U[y-m 21- 

Case of Af[z' — z'\ Cl^: Pick < s < t < Ti and observe that 

< WW' - cr']{yt) - [a' - a%y,)]\ + 115(^^(3^) - a^{y))st\\. 

Then 

\\[cr' - a^yt) - [cr' - a^]{yt)\\ < \\D{a' - a^)]Uy, - M 

< pV|U|t-s|Ar[y-y;C7]T7 

< c^\t-srAf[y-y;Q^]T^, 

while, according to (l44ll and (l48ll . 

\\S{am-at{y)U\ < \t-s\''Af[at{y)-am;Cj] 

< |t - sr{\\{at{y) - atimW + TiWKW - atiyy, Ql} 

< It - ,r T7 { 1 + Ar[2/; + Ar[y; Q^]^} A^fy - Q^] 

since (3^) — (^^^(D^))^) = 0. Hence, thanks to the fact that we are working on the invariant 
ball B^^^ , we get Af[z' - ~z'- Cj] < c,^„ { 1 + M\y - m Ql^^. 

Case of //[r^ — r^; C'^'^]: Since {yo, y'o) = {yo, y'o), ^^^^ = _ reduces to the sum of 

^.-.,o,« ^ _ ^.^^3^^) _ _ a^^^{y^)}{5x),,, rtr^''''^'^ = [al{yl - al{yl] " 4 

^.-..,i,2,W ^ A^^([^-|W _ r'^m^sx + 5(a*(3;)' - ■ x') 

We will now bound each of these terms. 
Study of rl^^'^ : One has 

||rr'°'^^)|| < aAt-s\^\\D{a\-at)\U\ys-M 

< c^\t- s\^'^^ \\D'^ai\\oo\\ys-ys\\ 

< c,,^\t-sf'M[y-y;Cj]T^-'' < c,^^\t - sf^ ^^[y - y; Q^]TI-\ 

Study ofrlt'^'^'^: Since {a\y) - a*(3^))o = 0, we get, owing to (l48ll. 

||rr'^'^'«|| < c^\t - s\'' \\{a\{y) - al{y))'s\\ < c^\t - s\'^ N[a\{y) - a\{y)- Q'W, 
< c,. \t - {1 + Ar[y; Q?f+M[m Q^']M\y - y; Q^]Tl 

Study ofr'-^^^''^: By m and (l48l). 
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Study ofr^-^^^: By P and (|49D. 

< c.,.T7(^+') |t - .| {1+Af[y; Q'^]'^'' + Af[y; Q^'V+''}Af[y - y; Q^]. 

Finally, putting together all our estimates of the remainder terms, we end up with the 
relation A/'[r^ — r^; Cg^] < {l + A^^ } J\f[y — y; Q'^]T^ , which together with the above 
estimation oi Af[z' — z'; CJ], gives 

Af[z - z; Q-r] < c,,. {l + A^} Af[y - y; Q^JT^. 

The greatest time Ti G (0,To] such that c^^a {l + ^Ti} ^7 ^1/2 then clearly yields the 
contraction property for T on [0,Ti]. 

□ 

In the rough case, it is also easily seen that our existence and uniqueness result for 
equation ( ITSD can be applied to the fractional Brownian motion: 

Corollary 5.10. Let B be a n- dimensional fractional Brownian motion with Hurst pa- 
rameter 1/3 < H < 1/2, defined on a complete probability space {Q,J^,P). Then almost 
surely, B fulfills the hypotheses of Theorem \5.(A 

Proof. We only have to show that B satisfies Hypothesis [U But this kind of result is 
easily deduced from the convergence results contained in [6|. 

□ 

5.3. Extending the solution. To finish with, let us briefiy evoke the technical difficulties 
we encounter when trying to extend the solution on [0, T] along the same lines as in the 
Young case. Denote {'y^^\ [y^^^)') the solution on [0,To]. 

The first step would consist in finding some small £ > 0, independent of {y^^\ {y^^^)'), 
and some radius Ni such that the ball 

{{y,y') e Q\[0,To + e]) : {y,y\o,To] = {y^'\ iy^'^Y), ^^[iy,y'); Q'{[0,To + e])] < N,} 

is invariant by T. In fact, if we set {z,z') = T{y,y') for {y,y') in this ball, then some 
standard estimations, similar to those appearing in the proofs above, show that 

J\f[{z,z')- Q7([o,To + < ciAr[y«; Q^([0, To])] + {l + e'Af[{y,y')- Q^([0, To + e])]^} , 

(51) 

for some A > and some constants ci,C2 with ci > 2. It is then rather clear that, owing 
to the exponent 2 in the latter expression, the constant e ensuring the stability of the ball 
has to depend on M[y^^^] Q^([0, To])]. 

More specifically, imagine the reasoning of the proof of Proposition 13.81 remains true 
when starting with f lSTl) . which means that we can find some constant e > and some 
sequence of radii (Ni) such that 

ciiV, + C2 {1 + e^Nl,} < iV,+i. (52) 

Then A^j+i > CiNi > 2Ni and the sequence {Ni) diverges to infinity. On the other hand, 
if relation fl52ll is meant to admit solutions, then the relation 1 — Ae^C2{ciNi + C2) > 
must be fulfilled, so that (A^,) is bounded, hence a contradiction. 

At this point, it is interesting to notice that even if e is allowed to vary and becomes a 
sequence Si such that ^j^j = 00 (in order to be sure that [0,T] is covered), then we get 
^2* < Ni < ji^, so that €i < T^TTXTT, which of course contradicts ^j^j = 00. 
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This failure in our apprehension of ^ motivated the study of a particular case of 
Volterra equations (see our companion paper [7]) for which some modifications of the 
5-formalism enable to get rid (in some way) of the past-dependent term in ([2]). 



6. Appendix 

We gather in this section some regularity results for the functions and controlled pro- 
cesses we handle in throughout the paper. 

Proof of Lemma \3. 71 To obtain (ITSD . pick u < v and observe that 

||[a*-a1(3^,)-[a*-a^](3^„)|| < \\Dia'-a-')\\^\\y.,-yj 

< \\D^a\\oo \t-s\{\v-u\+ Af[y; CJ] \v - u\^) , 

which gives the result. 

In order to establish (fTBl) . let us introduce the operator R defined for any ip G C^'*(]R'^"^^), 

by 

Jo 

Then of course ||i?<^||oo < ||I^^||oo and ||i?(p(ei, ^1) - i?(^(6, ^Dll < ll^VlUdlei - 611 + 
11^1 - ^2ll)- With this notation, if < n < i; < T, 

\\[Ay^)-o\%)]-[a\yu)-a\yM 

= \\Rcr\y.Miyv - yv) - Rcr'iyuMiyu - yu)\\ 

< \\Ra\y.Mi\y, - yA - [yu - yu])\\ + \\[Ra\y.M - R(^\yu.yu)]{yu - yu)\\ 

< \\Do-^\\oo\\[yv-'W]-[yu-yu]\\ 

+ ||L'V*||oo(2 \v-u\ + \\y^ - VuW + WVv - VuVlhu - VuW 

< ^[y - y; Cj] \v - { \\Da\\^ + \\DMoo{2T'-^ + Cj] + Ar[y; Cj])T^} , 

where, in the last inegality, we have used the fact that yu — yu = [yu — yu\ — [yo — yo]- 
Inequality f |T6l) follows easily. Notice that those are the same arguments as in the proof 
of [TTl Lemma 5]. 

To prove (fTTll . let us introduce the operator L defined for any if G C^'''''^(M'^"*"^) and any 
s,t G M, G M'^+S as 

L^{s,t,^,0= [ [ DMs + fi{t-s),^ + \{^'-0)dfidX. 
Jo Jo 

Thus, Lip{s,t,^,^') is a bilinear mapping on R x (R x R'^) such that ||Iv(/)||oo < ||-D^v9||oo 

and \\L^{s,t,^,,Ci)-Lip{s,t,^2,m < PVIU (llCi - + ll^i - ^21^)- 
With this notation, it is readily checked that 

a{t, - a{s, - a(t, ^ + (r{s, ^ = La{s, t, ^, 0((t - s, 0), (0, ^ - O) 
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for any s,t G [0,T], G [0,T] x M'^, so that 

II - ^1 (yu) - - a^] (yu) - - a^] (3^.) + [a' - a^] {y,) \\ (53) 

= \\Lais, t, y^, yu)i{t - s, 0), (0, yu - yu)) 

-Lais, t, y,, y,)i{t - s, 0), (0, y, - y^ 

< \\La{s, t, yu, 3>„) ((t - s, 0), (0, [yu - yu] - [yv - yM\ 

+11 [La{s, t, yu, yu) - Lais, t, y,, XMt -s,0), (0, 3^, - 3^,)) II 

< ||I^V||oo \t - s\ \\[yu - Vu] - [Vv - yv]\\ 

+iidviu (2 \u - vr + Wvu - vvir + Wvu - vvin \t - s\ wvu - vvW 

< c^lt-sllAfly-mC^' 



\u — V 
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+^2\u-vr+\u- vr my; c^^r + m cm) ^fiv - m cj] t^], 

which leads to the result. 

□ 

Proof of Proposition \5.3l This is a matter of elementary differential calculus. For the sake 
of conciseness, denote a = at and ^Puvij) = 3^^ + r(3^„ — 3^„). Then 

{5{a\y))uu = a\yu)-a\yu) 

dr D2a{t,ipuv{r)){v - u) + / dr D^a{t,ipuv{r)){5y)uv 



^0 

1 



D:ia{t, yu){8y)uv + / dr [D3a(t, <^™(r)) - D^^ait, 3^„)] {5y), 







1 







+ / dr D2a{t,(puv{r)){v - u) 
Jo 

:= {D3a{t,yu)oy'J{6x)uv + ruv, (54) 
where r has to be interpreted as a remainder, whose exact expression is given by: 

ruv = Dsa^t, yu)rlu + [ dr [D3a{t, (fuv{r)) - D-sa^t, yu)] {5y)uv 

1 

dr D2a{t,(puv{r)){v - u). 

Jo 

We will now bound the two terms in expression (l54l) . 

First, \\D,ait,y)oy'\\^ < \\D^a\\^M[y';C^,] < cMlv, Q''], and ifO<u<v<T, 

\\D3a{t,yu)oy'^-D,a{t,yu)oy'J 

< II [Dsait, yu) - D,a{t, 3^„)] o y'J + \\D,a{t, y,,) o [y', - y'^]\\ 

< PVIUIIX. - yuWW; Cl] + \\D,a\\^N[y'; CJ] \v - u[< 

< \\DMoo{\v -u\+ M[y; CI] \v - u\^)M[y'; C°] + \\D,a\UM[y'; CJ] \v -'^ 

< c^\v-u\'' {l+M[y;Q?f], 

hence D^a{t, y) o y' e Cl and M{D^a{t, y) o y'; Cl] < {1 + M\w, Ql'}. 



u\ 
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As for r, if < n < i; < T, 

||r„.|| < \\D,a\UU[ry-CV] \v - u\'^ + \\D^a\U\\y, - yuW[y;Cl] \v - u\' 

+ ||^2C^||oo \V - U\ 

< c^\v-uf''{l+^^[y;Q^f}, 

so that r G and Af[r; Cp] < {I + J\f[y] Q?f}. 

To get (145]), it only remains to notice that A/'[(t*(3^); C^] < c„ {I + Mly; Q?]}. 



□ 



Proof of Lemma \5. 71 According to the proof of Proposition [531 if -Dicr* := D20-{t, ., .) and 
D^a' := DMt, •, •), one has [aj - amy): = ^2(a* - at){yu) o y'^ and 

+ / dr[D2ia'-a')iy^+r{y,-y^))~D2{a'-a'){y^)]{6yU,+ [ dr D^{a'-a%y^){v-u). 
Jo Jo 

Recall that in order to bound (a- — o"|)(3^„) in Q'^ , the main steps consist in estimating 

^[{(^t - (^t)iyu)'; CJ] and Af[r; Cl\ However, 

iiK*-^-](3^):-[^--^.^](3^):]ii 

< - at){y^) - D,{a\ - at){yu)] o y'J + \\DM - at)iy,,) o [y'^ - y'J\\ 

< \\D\al - at)\U\v - u\+^[y;Cj] \v - «r)W;C°] 

+ \\D2{crl-at)\UAf[y';Cj]\v-u\'^ 

< pV.II \t-s\{\v-u\ + \v- u\^Af[y; Cj])Af[y'; C°] 

+ \\D^a4^\t - s\^^[y';CJ]\v - u]'' 

< c^\t-s\\v-umi+f/[y;af}, 

and 

||riri-^"^^^|| < - aDIloo |t; - w| + ||/^2(a* - ani|oo |^ - Ar[r^; C^'l 

+ \\D\al - at) \U\v -u\+ Af[y; CJ] \v - unAf[y; CJ] \v - 
< c^\t-s\\v-uf^'{l+Af[y;Q^]'}. 

The upper bound (l47l) is now easily obtained. 

Inequality (1481 ) is in fact a direct consequence of [HI Proposition 4]. Indeed, if y G 
Qr'{[0,T];R^''^), then of course y G Q^{[0,T];R^''^+^) with decomposition 



i6y)st = {0,y:)i6x)st + it-s,r 



Then, according to the aforementioned proposition, 

M[a\y) - a\y); Q^] < c.,, {i + Af[y; Q-*]' + Af[y; Q''T}^f[y - y, Q^]. 

It is then readily checked that 7V[3^; Q^] < c{l+X[y; Q^]} and ^[y - y, Q^] = M[y - 

Let us now prove Inequality (1491 ). To this end, denote C** := D2{a\ — af) and use the 
fact that [(a* - al){y)]' = C\y) o y. This yields the decomposition [(a* - at){y)]' - 

li^i - o^mniuv = At + Bti + + with 
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Owing to the regularity of a, we are in position to apply Lemma 13771 with -DscXj, which 
gives 

Af[A^\ Cp] < U[DM - al){y)-Cl]T'<^'-'^^M[y - y; 

< c^\t-s\{l+^^[y;Q'']}^^[y-y;Q'^l 

and 

Af[D^';cr] < ^^mai-at){y)-DM-^!)inc^]mQ'] 

< c^\t- s\ {i + Af[y; QT + ^[y; QT}-^[y - r, QW; q^]. 

Besides, it is easy to see that ^^[B'^; C^^] <c^\t- s\ U[y - y; Q^], while ^^[C'^; C^^] < 
c„ \t - s\ J\f[m Q'Wiy - m Q1, hence 

m[^\-<m-[^\-<ytm)'-.cT] 

<c„\t- s\ {l+U[y, Q?Y+^+U[m Ql^+'^l Ar[y - m Q?]. (55) 

As for := rH-^lW ^e know from (JSl) that, if </?™(r) = 3^„+r(3^^-3^„), 

^uv{r) := yu + r{y, - 3^„) and af := a* - a^ then = + <f + with 

rt' = f dr[D,af{^Ur))-Drat\^Urmv-u), 
Jo 

= f dr{[D,af{^u.{r)) - D.afiyuWyU ' [/^2af (^™(r)) - D,af{X)mU}- 



Obvious arguments allow to assert that Af[r^^'^; C'l'^'^'^] < Ca\t — s \ A/'[y — y\ Q?]. To deal 
with r"**'^, write of course 

= [D2<yt{yu) - D,at{%)]{ryj + D,at\yu){[rL - rUl 
which leads to AA[r^*'2; C^+^''] <c^\t-s\{l+ M[y] Q"']}M[y-y; Q?]. Finally, decompose 

j^st,3 jj^"j^Q ly^i-i^ — ^st,3,l I ^s£,3,2 

<f = dr [D.ati^Ur)) " D,af){y^my - yU 



si,3,2 
uv 



Jo L ^ 



Clearly, Ar[r**'3'i; C^+^'^J <c,\t- s\ [l + M[y] Q^]} M[y - y; Q^]. To conclude with, ob- 
serve that the double increment appearing into brackets in r^^'^'^ can be dealt with just 
as (l53|) (replace [a* — a^] with D2[(Tj — cr|] and with (^^^^^(r)). This gives 

_^[^.M,2. ^7+7-] < c. |t - .1 {i+Af[y; Q'T + m-, QT}^f[y - m Q'W[m 21- 

We have thus shown that 

Ur\ cr^l < |t - ^^1 {1 + U[y, 0?]'+'- + U[m Ql^+'^l Ar[y - y- Q\ 
which, together with (i55l l. entails (i49l ). 

□ 



ROUGH VOLTERRA EQUATIONS 



31 



References 

[1] E. Aids, D. Nualart: Anticipating stochastic Volterra equations. Stochastic Process. Appl. 72 (1997), 
no. 1, 73-95. 

[2] M. Berger, V. Mizel: Volterra equations with Ito integrals. /. J. Integral Equations 2 (1980), no. 3, 
187-245. 

[3] M. Berger, V. Mizel: Volterra equations with Ito integrals II. /. J. Integral Equations 2 (1980), no. 
4, 319-337. 

[4] G. Cochran, J. Lee, J. PotthofF: Stochastic Volterra equations with singular kernels. Stochastic 

Process. Appl. 56 (1995), no. 2, 337-349. 
[5] L. Coutin, L. Decreusefond: Stochastic Volterra equations with singular kernels. Progr. Probab. 50, 

39-50, Birkhauser, 2001. 

[6] L. Coutin, Laure, Z. Qian: Stochastic analysis, rough path analysis and fractional Brownian motions. 

Probab. Theory Related Fields 122 (2002), no. 1, 108-140. 
[7] A. Deya, S. Tindel: Rough Volterra equations 2: convolutional generalized integrals. In preparation 

(2008). 

[8] D. Feyel, A. de La Pradelle. Curvilinear integrals along enriched paths. Electron. J. Probab. 11 
(2006), 860-892. 

[9] P. Friz, N. Victoir: Multidimensional dimensional processes seen as rough paths. Cambridge Univer- 
sity Press, to appear. 

[10] A. Garsia, E. Rodemich, H. Rumsey: A real variable lemma and the continuity of paths of some 

Gaussian processes. Indiana Univ. Math. J. 20 (1971), 565-578. 
[11] M. GubinelH: Controlling rough paths. J. Funct. Anal. 216 (2004), 86-140. 
[12] M. Gubinelli, S. Tindel: Rough evolution equations. Arxiv Preprint (2008). 

[13] A. Lejay: An Introduction to Rough Paths. Seminaire de probabilites 37, Lecture Notes in Mathe- 
matics 1832 (2003), 1-59. 

[14] T. Lyons, Z. Qian: System control and rough paths. Oxford University Press, 2002. 

[15] M. Lewin: On a stochastic Volterra equation. Bui. Inst. Politehn. Ia§i (N.S.) 23 (1977), no. 3-4, 
43-47. 

[16] A. Neueunkirch, I. Nourdin, A. Rofiler, S. Tindel (2006): Trees and asymptotic developments for 

fractional diffusion processes. Preprint. 
[17] D. Nualart: Stochastic calculus with respect to the fractional Brownian motion and apphcations. 

Contemporary Mathematics 336, 3-39 (2003). 
[18] D. Nualart, C. Rovira: Large deviations for stochastic Volterra equations. Bernoulli 6 (2000), no. 2, 

339-355. 

[19] B. 0ksendal, T. Zhang: The stochastic Volterra equation. Progr. Probab. 32, 168-202, Birkhauser, 
1993. 

[20] E. Pardoux, P. Protter: Stochastic Volterra equations with anticipating coefficients. Ann. Probab. 

18 (1990), no. 4, 1635-1655. 
[21] P. Protter: Volterra equations driven by semimartingales. Ann. Probab. 13 (1985), no. 2, 519-530. 
[22] D. Stroock: Probability theory, an analytic view. Cambridge University Press, Cambridge, 1993. 

Aurelien Deya and Samy Tindel: Institut EHe Cartan Nancy, Nancy-Universite, B.P. 239, 54506 
Vandoeuvre-les-Nancy Cedex, France. Email: deya@iecn.u-nancy.fr, tindel@iecn.u-nancy.fr 



